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Abstract 

We present a dipole- charged generahsation of the Pomeransky-Sen'kov black ring in five- 
dimensional Kaluza-Klein theory. It rotates in two independent directions, although one of 
the rotations has been tuned to achieve balance, so that the space-time does not contain any 
conical singularities. This solution was constructed using the inverse-scattering method in 
six- dimensional vacuum gravity. We then study various physical properties of this solution, 
with particular emphasis on the new features that the dipole charge introduces. 



1. Introduction 

The 2001 discovery of a five-dimensional rotating black ring by Emparan and Reall [1] 
heralded in an exciting era for the study of higher- dimensional black holes. Its x 5*^ 
horizon topology distinguishes it from the more usual spherical one of the Myers-Perry 
black hole [2], and is responsible for a number of interesting features of this solution. For 
example, the rotation in the direction creates a centrifugal force that is able to balance 
the self-gravity of the ring, giving rise to a space-time without conical singularities. It is also 
possible for a black ring to rotate in the azimuthal direction of the S"^. Such an S'^-rotating 
black ring, without any rotation in the direction, was discovered in [3l 0] . The balanced 
doubly rotating black ring, with rotations in both the and S"^ directions, was discovered 
by Pomeransky and Sen'kov [5] . The most general doubly rotating black ring, in which the 
balance condition is not enforced, was found in [6", ^7]. 

It is of obvious interest to generalise these vacuum black ring solutions to include charge. 
This would allow the embedding and study of black rings in string theory, among other 
possibilities. Like five- dimensional black holes, black rings can carry a conserved electric 
charge with respect to a two-form field strength. For example, if we consider the following 
generic Einstein-Maxwell-dilaton action: 

S = J d'xV^ {R - '^d.^d^^ - le-^^F,,F^'^) , (1.1) 

then the electric charge of the system is defined by 



where the integration is taken over the 3-sphere of a constant time slice at infinity. Happily, 
the standard charging transformations developed for black holes can also be applied to black 
rings. Charged black rings in various theories, including string theory, have been considered 
in, say [HI El Uni [mils]. 

Unlike black holes however, black rings can carry a new type of magnetic charge by 
virtue of their horizon topology. It is locally defined by 



2 = i / (1-3) 
'52 



where the integration is taken over a 2-sphere which encloses the S'^-section of the black ring 
horizon. The sign of Q depends on a choice of orientation of this 2-sphere. It follows that Q 
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has opposite signs for 2-spheres on opposite sides of the ring horizon, since the orientation 
induced on these two 2-spheres by the ring horizon are opposite to each other [13]. For 
this reason, it is known as a "dipole charge", although it does not obey any conservation 
law. The first example of a dipole- charged black ring was discovered by Emparan [11], as a 
solution to the Einstein-Maxwell-dilaton action (11. ip with arbitrary dilaton coupling a. As 
it rotates in the direction, it generalises the Emparan-Reall black ring. 

It is natural to wonder if a dipole black ring including rotation in the S"^ direction can 
be found. This has, unfortunately, proven to be a difficult problem, as the known solution- 
generating techniques, such as those developed in [151 [IS], do not seem to apply to this case. 
Even the inverse-scattering method (ISM) [TTJ dB], which has been very successfully used 
to generate vacuum black ring solutions [191 l2D], is not directly applicable to the charged 
case. There have been attempts to generalise the ISM to include charge (e.g., [21]). A recent 
breakthrough, however, came with the work of Rocha et al. [22j, who realised that the ISM 
is applicable to the Einstein-Maxwell-dilaton action (II. ip when a = 2 a/2/3. This special 
case corresponds to a five-dimensional Kaluza-Klein theory, in which (II. ip can be obtained 
by a circle reduction of six- dimensional vacuum gravity using the ansatz 

dsl = e^ ds^ + e-Vl^{dw + AY, (1.4) 

where w is the coordinate to be reduced along. The ISM can of course be applied in six 
dimensions in the present case, and Rocha et al. showed how it can be used to generate 
Emparan's dipole black ring starting from a suitable seed solution. 

It was suggested in [22] that this method can also be used to generate a dipole black 
ring including S*^ rotation, although it was left as an open problem. The purpose of this 
paper is to address this issue. Indeed, we will show that the ISM can be applied on a 
suitable seed solution in six dimensions, to generate a doubly rotating dipole black ring of 
five-dimensional Kaluza-Klein theory. For simplicity, we concentrate only on the balanced 
case, so our solution may be considered a dipole-charged generalisation of the Pomeransky- 
Sen'kov black ring. 

We then study the physical properties of this black ring, emphasizing the new features 
that the dipole charge introduces. In particular, we show that our solution satisfies a version 
of the first law of black-hole thermodynamics that includes dipole charge, which was proved 
by Copsey and Horowitz [23] (see also [21]). We also describe its effect on the phase space 
of the black ring. Finally, we show in detail how various limits of this solution can be taken. 

This paper is organised as follows: In Sec. 2, the ISM construction of the doubly rotating 
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dipole black ring solution is described. The solution is explicitly written down in Sec. 3, and 
its physical properties analysed in Sec. 4. The phase space structure is discussed in Sec. 5, 
while the various limits of this solution are presented in Sec. 6. The paper ends with a brief 
discussion in Sec. 7. 

2. ISM construction 

In [22], Rocha et al. showed how the inverse-scattering method can be used to generate 
the singly rotating dipole black ring in five- dimensional Kaluza-Klein theory. They did this 
by applying a two-soliton transformation on a certain six- dimensional seed solution. One of 
the soliton transformations is responsible for introducing a five- dimensional dipole charge, 
while the other is responsible for introducing S^-rotation to the ring. 

Separately, it is known how the ISM can be used to obtain the doubly rotating vacuum 
black ring [5]. This requires a three-soliton transformation on a certain (five-dimensional) 
seed solution. One of them is responsible for introducing the S'^-rotation, while the other 
two are needed to introduce the S'^-rotation. This procedure was explained in detail in [7]. 

It is therefore relatively straightforward to combine the ISM procedures of [22] and [7] 
into a single procedure to generate a doubly rotating dipole black ring. This requires a 
four-soliton transformation on the same six-dimensional seed as used in [22]: one soliton to 
introduce dipole charge, and the other three to make the black ring rotate in two directions. 
In the rest of this section, we will describe the essential points of this construction. To keep 
the technical details to a minimum, some familiarity with the ISM will be assumed of the 
reader. Reviews of the ISM relevant to five-dimensional black holes and black rings may be 
found in, say [ISl [13 ED] • 

We begin with a seed solution having the rod structure as shown in Fig. [T]0 In Weyl- 
Papapetrou coordinates [25] 




in which the two finite space-like rods with positive mass density are swapped, and generate the same final 
solution up to coordinate transformations and parameter redefinitions. 




ds^ = Gab ^x^dx^ + e2^(dp2 + d^2) ^ 



(2.1) 



^We remark that one can also start with the following seed solution: 
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Figure 1: The rod sources of the seed solution for the doubly rotating dipole black ring when 
lifted to six dimensions. The thin lines denote the z-axis and the thick lines denote rod 
sources of mass | per unit length along this axis. The thick dashed line denotes a rod source 
with negative mass density — |. Small circles represent the operations of removing solitons 
from the seed, each with a BZ vector having a single non-vanishing component along the 
coordinate that labels the z-axis where the circle is placed. 



its G-matrix and corresponding conformal factor are given by 

^ J- / /"i f^2fJ'5 /is 
Go = diag <^ - 



g27o _ ^2 /i2A^5-Rl2-Rl3-Rl5-R24-R34-R45 2) 
/i 1 -^25 -^1 1 -^22 -R33 -R44 -R55 

Here, /ij = a/p^ + (-2 — — (z — Zi), Rij = + piPj, and k is an arbitrary integration 
constant. Using the ISM, we then perform the following four-soliton transformation on this 
seed: 

1. Remove a soliton at each of zi, Z2, z^ and Z4, with trivial Belinski-Zakharov (BZ) 
vectors (0, 1, 0, 0), (0, 0, 1, 0), (1, 0, 0, 0) and (0, 0, 0, 1), respectively; 

2. Add back a soliton at each of zi, ^2, ^3 and Z4, with non-trivial BZ vectors (Gi, 1, 0, 0), 
(0, G2, 1, 0), (1, 0, 0, G3) and (0, 0, G4, 1), respectively. Here, Gi, G2, G3 and G4 are the 
new, so-called BZ parameters. 

We note that if G2 = G3 = 0, we recover the ISM procedure of [22j. On the other hand, if 
G4 = and z^ = 2:4, we effectively recover the ISM procedure of 

In the first step above, the act of removing a soliton at z = z^ with a trivial BZ vector 
having a non-vanishing a-th component, refers to multiplying the diagonal element (Go)aa 
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^2 

of the seed solution by a factor So in the current case, after the first step, we obtain 

the new G-matrix: 

(j-o — aiag < — — , , — > . [Z.6) 

{ P^ Pb P^ 
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The generating matrix \E'o can be obtained directly by performing the following replacements 
to Go- Pi ^ Pi — ^ and ^ — 2z\ — A^, where A is a spectral parameter. One can then 
easily follow [18] to carry out the second step above. In computing the vectors m^^\ we used 
the same trick as was described in [7]. The conformal factor can also be easily calculated: 

„27 ^ 270 detr(Ci,C2,C3,C4) . 

det V{Ci = 0, C2 = 0, C3 = 0, G4 = 0) ' ^ ' ' 

where the matrix F, as defined in p^, is that corresponding to the second step above. 

Once the new solution has been generated, we can calculate its rod structure, following 
the prescription of [261 [27] (see also [281 [29]). Counting the rods from the left, we then join up 
Rods 1 and 2, as well as Rods 4 and 5, by requiring that Rod 1 has the same (normalised) 
direction as Rod 2, and Rod 4 has the same direction as Rod 5. These conditions give 
equations for Ci' and €4^. Without loss of generality, we take the solution 



\J 2z2iZ^i ' y 2:43 2:54 

where Zij = Zi — zj. By setting these values of the BZ parameters, we effectively eliminate 
the turning points zi and z^, this will leave the resulting solution with three genuine turning 
points. 

At this stage, we transform from Weyl-Papapetrou coordinates {p, z) to C-metric-like 
coordinates (x, y) 



2 _ 4x^(1 - x^)(y^ -!)(! + ex) (1 +C1/) _ x\l - xy){2 + cx + cy) 

^ ~ {x-yy ' ' " {x-yy ' ^'-'^ 

with the locations of the five turning points fixed to be 

z\ = —ax , Z2 = — cx , 2:3 = cx , Z4 = ex , ^5 = x . (2.7) 

Since the solution after imposing (12. 5 p has just three genuine turning points, its metric 
can be written in terms of purely algebraic expressions of x and y. Some technical details 
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can be found in [7] on how to convert the solution from Weyl-Papapetrou coordinates to 
C-metric-hke coordinates. This step simphfies the solution dramatically. 

Now, to ensure that the solution describes a balanced doubly rotating dipole black ring 
in five dimensions, we also require that after dimensional reduction along w. Rods 1 and 4 
have the same direction. The conditions for this to be true are 



, {d + c){e + c) (l + c)3 c^ + 2c + e 

(rf-c)(e-c)(l + rf)(l-e)3^^^^' 1-e " ^^■^> 

We note that the second condition could have been obtained by setting C2 = C3 = 0. 
Essentially, it means that the balanced doubly rotating dipole black ring can also be directly 
generated from the balanced singly rotating dipole black ring; a similar situation has been 
observed in the construction of the Pomeransky-Sen'kov black ring [5]. 

The next step involves rotating the solution to standard orientation where the 
first and last space-like rods have directions (0, 0, 1, 0) and (0, 1, 0, 0), respectively. This will 
ensure that the metric takes a simple diagonal form at infinity, and is accomplished by a 
linear transformation of the G-matrix: G' = A^GA, with a suitable choice of matrix A 
obeying | det y4| = 1. 

Finally, we have found that the metric components take the simplest form when C3 and 
e are eliminated in favour of the new parameters b and a as follows: 



I b{l-e){e-c) 2a + ac-c 

<-3='\/^ \ ^ = • (2.9) 

\ 3c — ce + e + 1 + a 

After making a suitable choice of the integration constant k in (12. 2p to ensure asymptotic 
flatness, the metric of the resulting solution is given below in Eq. (13. ip in terms of the final 
physical parameters a, b, c, and x. 



3. The solution and rod structure 



The balanced doubly rotating dipole black ring solution lifted to six dimensions can be 
expressed in the following form: 



dsl = ^j""' {dw + Atdt + A^ dtp + A^ d<f)f - ^i^; ^1 (dt + uidtp + U2 d(Pf 



[X 



H{x,y)H{y,x) 



K{x,y) 
G{x)G{y) d0^ 
F{x,y) 



+ 



1 



dx 



^ 

G(x) Giy) 



(3.1) 



where 



2ab{a - c)(l - a^) xc(l + b){l+ y) 

K{x,y) 

X -y){l + c)$ + (1 - a;)^(a + a6 + bey + c)] , 



^ _ ^ l2a{a- c) >i{l + b){l + x)L{x,y) 



<l>^ K{x,y) 



2a{a + c) x{l + b){l + y)J+{x,y) 
H{y,x) 



/2a6(a + c)(l-a2) xc(l + 6)(l-a;2) 



6^3 



VKl - «') «c(l + - y)(l - - y2) 



F{x,y) 

X [6(1 + cx)(l + c|/)(l - 6 - - a^fe) - {1 - c^){l - b + + a%)] , (3.2) 



and the functions G, K, H, F, L and J± (J_ is defined for use below) are given by 

G{x) = {1 - x'^){l + cx) , 
K(x, y) = -a'(l + b) [6x^(1 + cy)' + (c + x)'] + [6(1 + cy) - 1 - cxf + 6c'(l - xy)^ 
H{x,y) = -a^(l + 6) [&(1 + cx)(l + cy)xy + (c + x)(c + y)] - a(l + 6)(x - y) [c^ - 1 

+6(1 + cx){l + cy)] + [6(1 + cy) - 1 - cx] [6(1 + cx) - 1 - cy] + 6c^(l - xyf, 

-(1 + cy) |a^(l + 6)^ [a^(c + x + 6x + 6ca;^)^ - (c + x - ftx - 6cx^)^] 

-(1 - bf{l + cx)2 [a\l + 6)2 - (1 - 6)2] }| , 

L(x,y) = 0^(1 + 6) [6x(l + cy)2 + (l + c)(c + x)] - a(l - x) [6^(1 + cy)^ + - l] 

- [6(1 + cy) - c - 1] [6(1 + cy) - cx - 1] - 6c2(l - y)(l - xy) , 
J±{x,y) = a^{l + b) [6x(l + ca;)(l + cy) + (1 + c)(c + x)] 

±a {(1 - x) [6(1 + cx) + c - 1] [6(1 + cy) + c + 1] - 26c(l - y)(l + cx)} 

- [6(1 + cx) - c - 1] [6(1 + cy) - cx - 1] - 6c2(l - x)(l - xy) . (3.3) 

To simphfy the above expressions, we have introduced the following abbreviations: 

$ = l + a-6 + a6, ^' = l-a-6-a6. (3.4) 
The coordinates take the ranges — oo < t < oo, < ip,4> < 2t: and — oo < y < — 1 < 
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X < 1. There are four independent parameters, a, b, c and x, satisfying the constraints 



< 6 < 



1 - 



a 



(3.5) 



< c < a < 1 



X > 0. 



1 + a 



It can be checked that the former two constraints ensure that the quantities $ and \1/ are 
positive. As will be clear below, the parameters have the following interpretations: roughly 
speaking, x sets the scale of the solution, c characterises the size of the black hole, b controls 
the 5*^ rotation, while a controls the dipole charge. 

It is instructive to calculate the rod structure of the above solution in its six-dimensional 
form, following [261 127]. It possesses four mutually commuting Killing vector fields (^,^5^5 

which will be used as a basis to express the rod directions. There are three turning 
points in the rod structure, located at {p = 0,z = Zi = — cx^) or (x = —l,y = — ■^), 
{p = 0, z = Z2 = cx^) or {x = l,y = — i), and {p = 0, z = Z3 = x^) or (x = l,y = — 1), 
respectively. They divide the 2;-axis into four rods: 

• Rod 1: a semi-infinite space-like rod at {p = 0, z < zi) or (x = —1,—-^ <y< — 1), 
with direction ii = (0, 0, 1, 0). 

• Rod 2: a finite time-like rod aX {p = 0,zi < z < Z2) or (—1 < x < l,y = —^), with 
direction £2 = -^(1, ^«")' where 



• Rod 3: a finite space-like rod at {p = 0, Z2 < z < z^) or (x = 1, < y < —1), with 



• Rod 4: a semi-infinite space-like rod at {p = 0, z > z^) or (—1 < x < l,y = —1), with 
direction £4 = (0,1,0,0). 




(3.6) 



direction 




(3.7) 
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Note in particular that Rod 3 has a non-zero component in the w7-direction. It is what will 
eventually give rise to a non-zero magnetic dipole charge when the solution is reduced to 
five dimensions, as first observed in [22] . But now, Rod 2 also has a non-zero component 
in the w7-direction. This component is a manifestation of the electric quadrupole moment of 
the reduced solution. 

Now performing dimensional reduction on (13. ip using the ansatz (11.41) . we obtain a 
solution of five- dimensional Kaluza-Klein theory. The resulting metric takes the following 
form: 



d.^ 



H{y,x) 



2x^ 

(dt + wi d^ + U2 d4>f + — — — [K{x, y)H{x, yf] ' 



{x - yy 



X 



F{x, y) {d^/J + cu, d0)^ G{x)G{y) d(f)' 



dx^ 



dy' 



G{x) G{y) 



{3.1 



H{x,y)H{y,x) F{x,y) 

where the functions G, K, H and F are given in (13. 3p . and ^12,3 are given in (13. 2p . The 
gauge potential A is 

A = Atdt + A^dip + A^d^, (3.9) 
where At,,/,,^ are defined as in (13.21) and dilaton field (p is given by 



K{x,y) 
H{x,y)_ 



(3.10) 



For completeness, we also present the five- dimensional solution when the two-form field 
strength F is dualised to a three-form field strength H via 



H = e""'^ * F . 



ip = -ip. 



(3.11) 



The corresponding two-form potential B is given by 



B = Bt^ dt A dV^ + Bt^ dt A d0 + B^ d0 A d^j 



(3.12) 



where 



B, 



tip 



2a{a - c) x(l + 6)(1 + y)J-{x, y) 



H{x,y) 



B 



2ab{l - a2)(a - c) cx(l + b){l- x'^)[c + y + (1 + cy){a + ab - by)] 



H{x,y) 
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Figure 2: The rod structure of the balanced doubly rotating dipole black ring. The location 
of each rod is indicated below it, while the direction is indicated above it. The arrow on the 
horizon rod indicates that its direction vector has components in the ip and (p directions as 
well. 

2cx2(l + b)Jb(l - a2)(a2 - c^) ^ 

+ {l~y){b + bcy-l-cx)]. (3.13) 

Note that the integration constants of the above three components of B are chosen such that 
Bt^ and B^^ vanish on the axis y = —1, while Bt^ vanishes on the axis x = — 1. It follows 
that B vanishes at infinity, since the axes x = —1 and y = —1 extend to infinity, and B is 
constant there [23] . 

The rod structure of the five- dimensional black ring metric (13. 8p can also be calculated. 
We remark that it is the same as that of (13. ip . but now with the tu-components of all the 
rod directions removed. This rod structure is shown schematically in Fig. [21 and it clearly 
describes a balanced doubly rotating (dipole) black ring. In the following section, we shall 
examine the physical properties of this black ring in more detail. 



4. Physical properties 

We begin by noting that the metric of the doubly rotating dipole black ring (13. 8p is 
asymptotically flat, with infinity located at {x,y) — ?■ (—1, —1). This can be explicitly seen 
by changing coordinates {x = — 1 + ^(1 — c) cos^ 9 , y = —1 — ^{1 — c) sin^ 9}. The ADM 
mass M and angular momenta J^, Jip of the space-time can then be calculated to be 

7rx2(l + 6)[(a + c)$ + a(l - b + c + bc)] 



M 



27rx3(l + b) [(1 + c)$ + 26c(l - a)] I a{a + c) 
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27rx3c(l + 6) /2a6(a + c)(l-a2) 

- G5VI/3/2 V — i • ^4-1) 

As can be seen from the rod structure, there is an event horizon located at y = —K 
It has a ring topology x 5*^, with ^ generating the and ^ generating the rotational 
symmetry of the 5*^. The surface gravity k, and angular velocities fl^ and fl^, of the event 
horizon are given in ( I3.6p . Its area is 



no, 2a(a + c)(l — a"^) , 
Ah = 16vr^x3c(l + ^ ^^^3 ^ . (4.2) 

It is straightforward to check that this system does not carry conserved electric charge, 
i.e., Q = 0. It does, however, carry a magnetic dipole charge, which can be calculated to be 



^ x(l + &)v/2a(a-c) 

Note that this charge can be expressed in terms of the rod structure of the (six-dimensional) 
solution (13.1 p as follows: 

Q=|(£iH-4M)- (4.4) 

This is in fact a general result]^ We remark that a similar result is known for four-dimensional 
magnetically charged Kaluza-Klein black holes |30l [31]. In this case, these black-hole so- 
lutions can be naturally lifted to five dimensions, and their magnetic charges then become 
NUT charges (modulo signs and factors of 2). It turns out that the NUT charges are simply 
encoded in the rod structure of these five- dimensional solutions [251 EZ]- In fact, along this 
analogy, the dipole black ring considered here can be thought of as a string of magnetically 
charged Kaluza-Klein black holes, bent into a circular shape (parameterised by t/'). 

The magnetic dipole potential $m, first defined by Emparan for his S'^-rotating dipole 
black ring [T3], now has a non-trivial generalisation when S"^ rotation is turned on [23] : 



*m = -^(5t^ + ^^05^^)|H, (4.5) 



where the subscript H indicates that the evaluation is taken at the event horizon. Since 5 = 
at infinity, this potential should be understood as the difference between the potential at 



^We point out that to derive this formula, we have assumed the (normahsed) rod directions have compo- 
nents l\\<i^ = £3[0] = 1, which are needed to ensure that the orbits of ^ are identified with standard period 
27r in the reduced Kaluza-Klein theory. This formula can be easily generalised to cases when ^i,3[(/)] ^ 1. 
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infinity and that on the horizon. Using the exphcit expressions f l3.13p . we find that the 
potential is a constant: 

= L r-^ • (4-6) 

Thus, if we define the temperature and entropy of the black hole as T = ^ and 5" = ^ 
respectively, it is straightforward to verify that the Smarr formula 

^M = T5 + (^^J^ + (]^J^ + ^$^Q, (4.7) 

and the first law of black-hole thermodynamics 

dM = Td5 + n^dJ^ + fi0dJ<^ + <l>^dQ, (4.8) 

both hold for this dipole black ring solution. 

Note that vanishes along the two axes a; = ±1. This ensures that Dirac-Misner 
singularities are absent in the space-time. The absence of such singularities can in fact be 
seen from the rod structure in Fig. [2|, from the fact that the directions of Rods 1 and 3 do 
not have time components [26l [27j . There are also no conical singularities in the space-time. 
From the rod-structure viewpoint, this follows from the fact that the directions of Rods 1 
and 3 are the same. 

It has been checked numerically that both H{x,y) > and K{x,y) > everywhere 
on and outside the horizon. Since the curvature invariants have denominators that are 
proportional to some positive powers of H{x, y) and K{x, y), their positivity will imply that 
there are no curvature singularities in this region. It should also be checked if this region 
contains closed time-like curves (CTCs). Despite an extensive numerical search, no CTCs 
were found anywhere in this region. Thus, it would appear that the space-time on and 
outside the event horizon is regular and well behaved. 



5. Phase space structure 

We can fix the overall scale of the balanced doubly rotating dipole black ring by fixing 
its mass M. The solution is then characterised by reduced dimensionless quantities obtained 
by dividing out an appropriate power of M or G^M, which in this case are [H] 

.2 _ 277r J| _ 27a{a + c)$2 [(i + c)$ + 26c(l - a)f 
" 32G^ JP ~ 16(1 + b) [{a + c)^ + a{l-b + c + bc)f ' 

13 





Figure 3: phase diagrams for the respective values q = 0,^,^,^. In each case, 

the phase space is divided into two distinct regions by the dashed hne. To the left of it is 
a dark-grey region bounded by the thick black curve and the = axis. To the right is a 
light-grey region bounded by the thin black curve and the = axis. 



.2 ^ 277r Jl _ 27abc\a + c){l-a^)<l>^ 

" 32G^ M3 ~ 4(1 + h) [{a + c)$ + a(l - 6 + c + hc)f ' 

2 ^ Q? _ 2a{l + h){a-c) 

^ ~ G5M ~ vr [(a + c)^ + a{l-b + c + bc)] ' 

3 [3 An /6a(a + c)(l - a'^) 3c$ 
Oh = — \ 3- = \ ; 3- . (5.1) 

16 V vr (G5M)2 V 1 + 6 [(« + c)$ + a(l - 6 + c + 6c)] ^ 

The phase space of this solution is therefore a four-dimensional one, parameterised by 
(iV'i</" ^h)- To study it, we will look at its various two-dimensional cross-sections; without 
loss of generality, we take j^,j^,q > 0. 

We begin by studying the {jip^j^) phase diagram for fixed-g values, as in Fig. [31 As a 
reference, we have also plotted the g = case, which was previously studied in [19]. Note 
that in each case, the phase space is bounded by three curves (besides the = axis). 
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They are: 



1. A thin black curve, corresponding to extremal doubly rotating dipole black rings. These 
black rings are obtained by maximising for a fixed value of j^. This limit will be 
examined in more detail in Sec. 6.3. 

2. A thick black curve, corresponding to non-extremal minimally S^-rotating dipole black 
rings. These black rings are obtained by minimising for a fixed value of j^, which 
determines b in terms of a and c as 



It turns out that this curve only exists for sufficiently small j^. For larger values of j^, 
the minimal boundary will be replaced by the following curve. 

3. A dashed line, given by + j^) = 1, corresponding to the so-called collapse limit of 
the black ring. In this limit, the black ring collapses to an extremal Myers-Perry black 
hole, and so the dashed line is actually not part of the black-ring phase space. This 
limit will be examined in more detail in Sec. 6.4. 

The regions of the phase space where black rings exist are shaded in grey in Fig. |3l 
Note that in each case, there are two distinct regions separated by the dashed line. To its 
left (where + < 1) is a dark-grey region bounded by the thick black curve and the 
= axis. To its right (where + > 1) is a light-grey region bounded by the thin black 
curve and the = axis; in this region, the black rings have the property of being "thin" . 
By contrast, both "thick" and "thin" black rings co-exist in the dark-grey region. (This fact 
cannot be seen from Fig. |3l and will only be apparent when we come to Fig. [5] below.) 

From the phase diagrams in Fig. |3l it is clear that the upper bound for is reached 
when the thin black curve meets the dashed line. This corresponds to the collapse limit of 
the extremal doubly rotating dipole black ring. At this point, it can be checked that 



crit 



1 + a (1 - a){a - c)^ - 3a^(l + c)(l - a - c) 
1 - a (1 + a){a - c)^ - 3a^{l - c)(l + a + c) ' 



(5.2) 



max . o 9 ■ 



(5.3) 



Note that this point also gives the lower bound for for fixed q: 



mm 



3 
4 




(5.4) 
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0.5 1 1.5 2 2.5 0.5 1 1.5 2 2.5 

Figure 4: (j^, q) phase diagrams for the respective values = 0, -g^, For the latter 

two cases, the region near g = has been magnified in the insets for clarity. Note that the 
dark-grey region has disappeared in the last case. 



When g = 0, the allowed range for extends to infinity. However, when g 7^ 0, an 
upper bound for appears, given by 



This upper bound is achieved by the extremal singly rotating dipole ring, which is actually 
singular [H]. As q is increased from 0, this upper bound starts to decrease. At the same 
time, the upper bound for for fixed (the thin black curve) decreases. This leads to an 
overall shrinking of the area of the light-grey region. It turns out that the dark-grey region 
also shrinks in area. This can be seen from the fact that as q is increased, the lower bound 
for for fixed j,^ (the thick black curve) is increased, together with a decreased value of its 
upper bound (where the thick black curve meets the dashed line). 
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We next turn to the {j^^q) phase diagram for fixed- j| values, as in Fig. HI In each of 
these diagrams, the phase space is bounded by the same three boundary curves as in the 
{HiH) phase diagram. Again, the dashed fine divides the phase space into two distinct 
regions: a dark-grey region on its left (where + < 1) bounded by the thick black curve 
and the g = axis, and a light-grey region on its right (where + > 1) bounded by the 
thin black curve and the q = axis. For > |, the thick black curve ceases to exist and 
the dark-grey region disappears. 

From the phase diagrams in Fig. HJ it is clear that the upper bound for q is reached 
when the thin black curve meets the dashed line. This again corresponds to the collapse 
limit of the extremal doubly rotating dipole black ring, except that is fixed in this case. 
It can be checked that 

= (5.6) 

For fixed values of j^, the upper bound for q is given by the thin black curve in the light-grey 
region, and by the thick black curve in the dark-grey region (if it exists). As is increased, 
this upper bound decreases, and both the light- and dark-grey regions shrink in area. 

Finally, we turn to the (j|,, oh) phase diagram for fixed-g values, as in Fig. |3 In each 
of these diagrams, we have plotted the three boundary curves of the (j^, j,/,) phase diagram. 
In addition, there are a number of grey curves plotted. The dark-grey curve represents 
the phase of the singly rotating black ring [H] , while the light-grey curves are branches of 
constant > 0. 

The reference case g = was previously studied in [32]. Each of the light-grey constant- 
jtf) curves starts at the thin black curve and ends up at the dashed curve. In the process, there 
is a cusp formed at the thick black curve. It is this cusp that separates the thin-ring branch 
from the thick-ring branch. The totality of all these light-grey curves then gives the phase 
space of allowed black rings. On the other hand, the space traced out by all the thick-ring 
branches (the part of each light-grey curve starting from the thick black curve and ending 
at the dashed curve) is the subset of this total phase space corresponding to the dark-grey 
region of Fig. [21(a). This is the region in which both thin and thick rings can co-exist. Note 
also that there are light-grey curves without a cusp (and therefore a thick-ring branch); these 
start from the thin black curve and end up directly at the dashed curve. Such curves only 
exist for sufficiently large values of j^p. 

As q is increased from 0, it is evident that the upper bound for the horizon area an 
decreases. At the same time, the allowed range for becomes narrower: as we have seen 
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0.2 



0.2 



I < < < < 1 < < 1 I ' ' ' ' 1 ' ' 1 

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 




Figure 5: (j^, an) phase diagrams for the respective values g = 0, ^, ^, ^. In each case, the 
dark-grey curve shows the phase of the singly rotating black ring. The light-grey curves are 
branches of constant j^; the particular values shown are (from right to left, and if the value 
of j| is allowed for the corresponding value of g) = 5^, j^g, 5^, ^, ^, ^, ^. 



above, (j,/,)min increases while (j^)max decreases as q is increased. In particular, let us focus 
on the minimally S^-rotating dipole black rings (the thick black curves in Fig. |5]). Observe 
that for fixed j,^, the minimally rotating dipole black ring has a smaller oh and a larger 
than the corresponding g = black ring. This former is to be expected: in general, the area 
of a black hole decreases when charge is added to it. On the other hand, the latter follows 
from the fact that there is now an enhanced attraction between opposite sides of the ring, 
due to their opposite charges. A larger centrifugal force is thus needed to balance the ring. 
We note that similar observations have been made in the = case |14] . 
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6. Various limits 



6.1. Singly rotating dipole black ring 

As mentioned above, the parameter b governs the 5*^ rotation of the dipole black ring. 
If we set 6 = 0, the S"^ rotation vanishes, and the resulting black ring rotates only in the 
direction. This is the (balanced) dipole black ring discovered by Emparan for the special 
case a = 2^^2/3 corresponding to Kaluza-Klein theory. The metric (13. 8p then becomes 



(dt + ui d^Y + 



F{y) 

F{x) 

^ ^ G{y)dij' ^ G{x)d<P' ^ 1 



H{x) 



2x2 



{x - yf 



F{x) H{x)H{yf 



F{y)H{y) F{x)H{x) 1 - 



dx^ 



dy2 



Gix) G{y) 



where 



2a(l + a)(a + c) x(l + c)(l + y) 



1 — a 



F{y) 



and the functions F and H are given by 



(6.1) 



(6.2) 



F{x) = 1 + ac + (a + c)x , H{x) = 1 — ac — {a — c)x . 



(6.3) 



The gauge potential A and dilaton field (p are given by 



A 



2a(l - a) (a - c) x(l + c)(l + x) 



l + a 



H(x) 



H{x) 

My) 



(6.4) 



To recover the exact form of the solution given in [T3], we need to define the parameters 



1 + /iZ/ 



0=1/. 



K = R 



l-/i2 



2(1 + + 2/iz/) 



(6.5) 



and the coordinates 



(^,0) 



'l + Z/2 + 2/iZ/ 



l-/i2 

where the coordinates ip and cj) are identified with the coordinates ip and of 



(6.6) 
, respectively. 
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6.2. Pomeransky-Sen'kov black ring 

The dipole charge Q of the solution fl3.8p - fl3.10p vanishes in the hmit a = c, in which 
case the Maxwell field vanishes, and the dilaton field becomes constant and decouples from 
the system. The metric in this limit reduces to that of the Pomeransky-Sen'kov black ring 
[3]. The explicit form of the metric in the current coordinates is 



[dt + uJidi! + UJ2 dcp) + 



H{x,y) 

G{x)G{y) d02_^^ 



(x - yf 



where 



F{x,y) 



2xc(l + 6)(l + i/) 



dx^ 



dy' 



H{x,y) H{y,x) 



G{x) G{y) 



(6.7) 



1 6(1 + cx)(l + cy) [b{c - 1)(1 + cx) + 2 + 2c] 



H{y,x 

-(1 - c') [bc{l + c + y + cx^y) + (1 + cf] } , 



0J2 



'6(1 -c2) 2xc2(l + 6)(l-x2 



[(1 + cy){c +bc + by) — c — y] 

2\ 



U3 



$^ H{y,x 
y/bjl - c^) c\l + b){x - y){l - x^){l - y 

F{x,y) 

X [6(1 + cx)(l + cy)(l - 6 - - bc^) - (1 - c2)(l - 6 + + bc^)] , (6.8) 
and the functions H and F are given by 

H[x, y) = -c2(l + 6) [6x^(1 + cyf + (c + x)^] + [6(1 + cy) - I - cxf + 60^(1 - xyf, 



F{x,y) 



bcG{x) \ c{y^ - 1) [c2(l + 6) - 6 + 1] - Ac^y{l - b^){l + cy) 



-(1 + c?/)|c^(l + 6)^ [c^(c + X + 6x + 6cx^)^ - (c + x - 6x - 6cx^)^] 

-(1 - 6)2(1 + cx)2 [c2(l + 6)2 - (1 - 6)2] } I . (6.9) 

Here, $ = 1 — 6 + c + 6c and \1' = 1 — 6 — c — 6c. 

To obtain this black ring in the form given in [7j (in turn closely related to the orig- 
inal form of [5j), we need to perform the following parameter redefinitions and coordinate 
transformations: 



U{1 - 



jl — P 



X 



X + V 



y 



y + v 



(6.10) 



yU(l — z/2) ' 1 — /iZ/ ' 1 + z/x ' 1 + z/y 

where the coordinates x and y are identified with the coordinates x and y of |7| , respectively. 
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6.3. Extremal doubly rotating dipole black ring 

The extremal limit of the solution fl3.8p - (l3.10p in the present form is a bit subtle: it 
corresponds to a, c — )• and 6 — )• 1. More precisely, we first define 



2a 



6=1- 



/3 



(6.11) 



where a and /3 are new parameters satisfying 0</3<a<l/2, and then take the limit 
c — )■ 0. The explicit form of the metric obtained is 



H{y,x) 



K{x,yyH{x,y) 



{dt + Uidip + U2 d(f)) + 

\2 



2 



K{x,y)H{x,yy 



, F{x,y) (d^ + c^3d0)^ G{x)G{y)d<j)'' , 1 

X \ - - - h 



2 ^ dx^ dy"^ 



H{x,y)H{y,x) 



F{x,y) 



G{x) G{y)\]' 



(6.12) 



where 



'2(1 + 2a) x/3(l + y) 



a 



X] 



{{a + /3){a - /3x) + a(3[a{l - y) + P{x^ - y)] 



Wp\l-x ^){l-y)], 
^2(1 + 2a) xa/32(l -x2) 3 



a 



2 _ «2 



a/??/ — ay — a/S + l3) 



x] 



a/32 (^_^)(l_^2)(i_^2) 



[a2/3(x + y) -a^ -/32] , 



a2-/32 F{x,y) 
and the functions G, H, K and F are given by 
G{x) = 1 - a;2, 

^(x, y) = {a + /3x){a - /3y) - a/S^x"^ - y^) + a^l3^{l - x'^){l - y^) 
K{x, y) = a2[l + I3{x - y)f - (5^x^ + a^l3\l - xyf, 



(6.13) 



F{x,y) 



a^f3^ {(1 + xf[l + /3(1 - x)]2 - 2/3(1 - x^){l + y)} 



a-^-(3^ 

-a^/32(l - x2)(l - y2) _ (^2 ^ ^2^)2 



(6.14) 



The gauge potential is given hj A = Atdt + A^ dip + A^ dcp, where 

■al3^{x-y){l - xy) 



At = -Vl -4a2 

A. 



K{x,y) 

2(1 -2a) Hal3^{l + y) 



a2-/32 K{x,y) 



{(a + /3)x(l - 2/) + /3(1 - x)2[l + a(l + y)]} 
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A. 



1 2(1 -2a) x(5{l + x) 



{{a 



(3){a + (3x) + a/3[a{l + x - 2y) + /3y{l - x)] 



(6.15) 



and the dilaton field is given by 



K{x,y) 
H{x,y) 




e 



(6.16) 



In this limit, the outer horizon recedes to y = — oo and coincides with the inner one. 
The horizon remains regular with a finite and non-zero area, and its temperature becomes 
zero. It is interesting to note that in this limit, its entropy satisfies the very simple formula 



Such a formula was first observed for the extremal Pomeransky-Sen'kov black ring by Reall 
[33], and it led him to derive the entropy of that solution from a microscopic counting of 
states. A similar microscopic counting of states might apply to the present solution. 

The dipole charge remains finite in this limit. It can be made to vanish if we set 
a = 1/2, and f l6.12p reduces to the extremal Pomeransky-Sen'kov black ring, as expected. 
On the other hand, by fixing the ratio < < 1 and then taking the limit a — 0, we 
recover the extremal singly rotating dipole black ring studied in [H] for Kaluza-Klein theory. 
However, we point out that in this singly rotating case, the black ring has a singular horizon 
with vanishing area. 

Recall from the discussion of Sec. 5 that if we fix and q, the S^-rotation is 
maximised in the extremal limit; on the other hand, if we fix and with + > 1, the 
dipole charge q is maximised in this limit. Hence the extremal black ring can be understood 
as a black-ring system which is either maximally S^-rotating or maximally dipole-charged. 

6.4- Collapse limit 

In this limit, the ring radius shrinks down to zero, so the black ring "collapses" into a 
black hole. It is obtained by first fixing a and c, setting 



S = 2t{J^ . 



(6.17) 



h 



1 - a 



(6.18) 



1 + a 



1 + a 
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and then taking x — )■ 0. In terms of the rod structure shown in Fig. [21 it corresponds to 
shrinking the lengths of both the second and third rods to zero, while keeping their ratio 
fixed. In this limit, we find a simple relation between the two angular momenta: 

j^+^ = l, Vge[0,yj]. (6.19) 

If we ignore the existence of q, this relation describes the phase space of the five-dimensional 
extremal Myers-Perry black hole |19j. In the phase space diagrams in Sec. 5, the collapse 
limit is represented by the dashed curves. 

If we define the parameters m, oi and 02 as 



4(a + c) V2{a^c + 2a + c) J2{1 + a)c{l - a) 

m = — , oi = — 1^^^=^^^= , 02 = — 1^=^= , (d.2U) 

^(1 + «) Vr7(l + a) (a + c) ^7/(0 + c) 

and the coordinates r and 6 by 

4x2(1 -c)cos2e 4x^(1 - c)sin2^ 

x=-l + \ ^ , y = -l \ ^ , 6.21 

r"^ — aia2 r'^ — aia2 

we find that the metric (13.81) reduces in this limit to the Myers-Perry solution: 

ds^ = -df + — (dt - ai sin^ 6* d^^ - 02 cos^ 6 d4>Y 

+ {r^ + al) sin^ 9 d^^ + (r^ + aj) cos' ^ d^' + S + doA , (6.22) 



A 



where 



2/1 I f 1 I ^2 



A = r^ l + ^ l + ^ -2m, S = + af cos^ ^ + sin^ ^ . (6.23) 



At the same time, the dilaton fl3.10p decouples and the gauge potential (13. 9p vanishes. 

In the zero dipole-charge case a = c, this limit was previously considered in [32] • In the 
present case, although the parameter a enters into the limiting metric non-trivially, there 
are essentially two independent parameters, as can be seen from the extremality condition 
ai + 02 = \/2m. This is of course expected: the extremal Myers-Perry black hole is not 
supposed to carry a third degree of freedom coming from dipole charge. However, it is 
interesting to note that not all the physical quantities are continuous in this limit, i.e., the 
physical quantities of our dipole ring in this limit may not be the same as those in the limiting 
extremal Myers-Perry solution. In particular, q does not vanish in the collapse limit. 
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6.5. Infinite ring-radius limit 

To take the infinite ring-radius limit of tlie doubly rotating dipole black ring, we first 



set 



v/2(m2 - a2) 
c = , a 



- o^^) ,2 
— cosh 7 , 



m 



— ^m? — 



X 



m + \/m} — 



and define the new coordinates (r, 6*, 2;) by 



a; 



cos 6 , 



y = - 



r — (m — \/'m^ — a^) 



V2. 



X 



If we then take the x — )■ 00 limit of the six-dimensional metric (13. ip . we obtain: 



ds^ 



S + 2mr sinh^ 7 

, , 1o?mr sin^ 6' 
X A 



, , 2amsinh7cos0 , , msinh27cos6' 
dw' —- dt' + — 



E 

S — 2mr 



dt' + 



+ (S -|- 2mr sinh 7) 



A 



S — 2mr 
1am cosh 7 r sin^ d 
S — 2mr 
2 \ , 



A 



2mr 



sin'^d0" +dy", 



where 



S = + cos^ ^ , 
Here, we have defined the coordinates: 



A = r — 2mr -|- a 



where 



dw' = dw + m sinh 27 d0 , 
dt' = cosh adt — sinh a d^; . 
dz' = cosh adz — sinh a dt . 



sinh 0" = cosh 7 . 



(6.24) 



(6.25) 



(6.26) 



(6.27) 



(6.28) 



(6.29) 



When dimensionally reduced on w' (or w), fl6.26p describes a magnetically charged, rotating 
Kaluza-Klein black hole [311 [M] that is extended along the ^'-directioijf — in other words, a 
Kaluza-Klein black string. Moreover, this solution is boosted along the 2;'-direction with a 
certain boost parameter a, as can be seen from the last two equations of (16.281) . In the limit 
when the rotation a goes to zero, we recover the charged non-rotating black string found 



■^If we write (|6.26p in the form ds| — ds| + dz'^, then (4.11) of [3T] can be mapped to ds| by setting 
H> 0, /3 H> 7, Mk H>m, aH>a, ri->r - S/\/3, t ^ t' and 1-^ w' . 
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in [13], for Kaluza-Klein theory and the boost parameter satisfying the balance condition 

dn^sD. 

We remark that this result is entirely consistent with the interpretation made in Sec. 4 
of the dipole black ring as a string of magnetically charged Kaluza-Klein black holes, bent 
into a circular shape. 

7. Discussion 

In this paper, we have used the ISM in six- dimensional vacuum gravity to construct 
a new solution of five- dimensional Kaluza-Klein theory describing a doubly rotating black 
ring carrying magnetic dipole charge. This black ring is balanced, so the space-time does not 
contain any conical singularities, and it can be regarded as a dipole- charged generalisation 
of the Pomeransky-Sen'kov black ring. We then studied some properties of this solution, 
including its phase space structure and its various limits. 

We note that this solution is not the most general black ring possible in Kaluza-Klein 
theory. It is clearly possible to generalise it to the unbalanced case, with independent 
rotations in both directions. Indeed, it is possible to obtain this solution from the ISM 
construction of Sec. 2, by relaxing the conditions made in (12. 8 p so that Rods 1 and 4 (after 
dimensional reduction) are parallel only. However, based on our experience with the most 
general vacuum black ring [7], this solution is likely to be very complicated. It might be 
worthwhile to focus on obtaining another special case of this solution in the first instance, 
namely the purely S^-rotating dipole ring. This would be the dipole- charged generalisation 
of the solution in [3l S]. 

Even if we restrict ourselves to the balanced case, the solution in this paper is still not 
the most general one possible in Kaluza-Klein theory. Such a distinction would belong to a 
doubly rotating black ring that carries both magnetic dipole charge and a normal conserved 
electric charge. It may be possible to add a conserved electric charge to the present solution 
by applying one of the standard charging transformations, although the resulting space-time 
is likely to contain Dirac-Misner singularities. A better approach, following the original 
spirit of how the present solution was derived, would be to use the ISM on a suitable seed 
to generate this most general balanced solution. We leave this interesting problem for the 
future. 

A more ambitious task would be to find doubly rotating dipole black ring solutions 
to the action (II. ip . for other values of dilaton coupling a. The method developed in [22] 
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and used in this paper will no longer be applicable, although it is conceivable that some 
variation of the ISM might be applicable for other special values of a. One particularly 
interesting case is pure Einstein-Maxwell theory with a = 0. It is also possible to move 
beyond Einstein-Maxwell theory by adding a Chern-Simons term, to obtain the bosonic 
sector of five-dimensional minimal supergravity theory. An inverse-scattering formalism [21] 
was recently developed for this theory, and it perhaps offers the best hope of generating 
another example of a doubly rotating dipole black ring. Such a solution, if found, could 
be the starting point to generate the most general stationary black-ring solution of f/(l)^ 
supergravity theory [53] . 

Returning to five-dimensional Kaluza-Klein theory, it is notable that this theory can 
be interpreted as the NS-NS sector of low-energy string theory after the duahsation (13. lip . 
Thus, our solution, and its generalisations discussed above, admit an embedding in string 
theory with rather interesting implications. In particular, when the extremal limit of our 
solution is taken, it describes a loop of fundamental string, rotating in both the loop direction 
as well as the direction orthogonal to it. It might be worthwhile to study this system and 
its qualitative microscopies in more detail. 
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